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Rupture of molecular thin films observed in atomic force microscopy. I. Theory

Hans-Ju¨rgen Butt1,* and Volker Franz2
1Max-Planck-Institute for Polymer Research, Ackermannweg 10, 55128 Mainz, Germany
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In atomic force microscope studies of molecular thin films, a defined jump of the tip through the film is often
observed once a certain threshold force has been exceeded. Here, we present a theory to describe this film
rupture and to relate microscopic parameters to measurable quantities. We assume that the tip has to overcome
an activation energy before the film ruptures. A universal relation between the force dependence of the
activation energy and the approaching velocity of the tip is derived. Two complementary models for calculating
the activation energy are presented: a continuum nucleation model and a discrete molecular model. Both
models predict a narrow distribution of yield forces in agreement with experimental results.
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I. INTRODUCTION

Molecular thin films on solid substrates have extensiv
been studied with the atomic force microscope~AFM!. By
imaging, for instance, lipid bilayers in aqueous mediu
their molecular structure as well as their defects have b
analyzed@1–7#. Besides imaging, force measurements can
done to obtain additional information. In an AFM force me
surement, the tip attached to a cantilever spring is mo
towards the sample. Position of the tip and deflection of
cantilever are recorded and converted to force-vers
distance curves, briefly called ‘‘force curves.’’ Differen
types of interactions, such as Derjaguin-Landau-Verw
Overbeek ~DLVO! forces, the hydration force, or ster
forces have been studied with the AFM@8–10#.

When measuring force curves on molecular thin films
jump of the tip is often observed once a certain thresh
force has been exceeded. Such jumps occur not only on s
supported lipid bilayers@4,11–13#, but also in other system
such as surfactant layers on various substrates@14–17#. This
jump is interpreted as a penetration of the AFM tip throu
the film. In addition, when studying confined liquids with th
AFM, several jumps are often observed, which correspo
to density fluctuations. Layer after layer is squeezed ou
the gap between tip and substrate. This effect was dete
with fluids such as octamethyl-cyclotetrasiloxane@18#, dif-
ferent alcohols@18–21#, and liquid crystals@22#.

Rupture of thin films has been analyzed extensively
cause of its importance for industrial and natural proces
Several mathematical models have been proposed and
cessfully applied to describe the destabilization of foams
emulsions@23,24#, the dewetting of thin liquid films@25#, the
rupture of lubricant films@26#, and the poration of biologica
membranes@27–31#. For the rupture of solid supported thi
films under the influence of an AFM tip, such a model
however, still missing. The models that are usually used
describe rupture of thin films are not directly applicable
the situation in an AFM. Reasons for this are that the m
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ecules in the film are often insoluble and not in equilibriu
with a reservoir, the position of film rupture is localized b
the tip, or high pressure gradients are present.

In this paper we present a theory of film rupture induc
by an AFM tip. Some ideas were presented in an ear
publication@21#. Formally, the first part is partially similar to
the theory of Heymann and Grubmu¨ller @32#, Evans@49#, and
Tees, Waugh, and Hammer@33#. They analyze the rupture o
single molecular bonds under the influence of an increas
load. The aim is to relate microscopic parameters of the fi
with macroscopic quantities as determined in a force m
surement. In most experiments, only the threshold force
film rupture, the yield force, is reported. We show that ad
tional information can be obtained by measuring the dep
dence of the yield force on the loading raten. The loading
rate is the approaching velocity of the base of the cantile
From such a measurement the activation energy of the
ture process can be characterized.

The paper is divided into five sections. After the introdu
tion, we describe the general formalism. In this part, ba
equations are derived that describe the rupture kinetics
general. Besides the fact that an activation energy exists
other assumptions are made. In the following two sectio
we propose two specific models for the activation proce
One is a continuum nucleation theory and the other i
model that explicitly takes the molecular nature of the fi
into account. Both are based on the elastic foundation mo
~p. 104 of Ref.@34#! to calculate the pressure distributio
underneath the tip. The full molecular model leads to aw
ward mathematical expressions in which dependencies
not obvious. Therefore, in the last section we derive a s
plified molecular model, which still contains the main fe
tures but leads to much simpler expressions. We show th
is a good approximation of the full molecular model.

Throughout the paper we use the term ‘‘film,’’ though fo
some applications ‘‘layer’’ might have been more approp
ate. The films considered are one or few molecules thick
are supposed to show a distinct structure in normal direct
Laterally, the film can be fluid with a high mobility of the
molecules. Two-dimensional fluid films are characterized
an attractive interaction between the molecules. This is,
instance, the case for lipid bilayers in aqueous electrol
:

©2002 The American Physical Society01-1
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There, the film even heals out after being penetrated by
AFM tip. For the nucleation model the fluidity of the film i
a prerequisite. The molecular model is more general: Nei
the two-dimensional fluidity nor the lateral interaction b
tween molecules is assumed. Only an attractive force
tween the solid substrate and the film molecules is requ
~otherwise the film would not remain on the substrat!.
Therefore, even layers of adsorbed immobile molecules
be treated with the molecular approach.

Before starting, it is instructive to consider a typical for
curve measured on a thin film to justify certain assumptio
~Fig. 1!. The force curve was recorded on a lipid bilayer
'4 nm thickness. No interaction is observed at distan
much larger than the film thickness. At closer distances
tip experiences a short-range repulsive force and the film
elastically compressed. Here, ‘‘elastic’’ refers to the fact t
when retracting the tip before the film ruptures, the retract
part of the force curve is identical to the approaching p
Finally the film ruptures, and the tip jumps onto the so
support.

II. GENERAL FORMALISM

A. Assumptions

First, one important general observation is that the ju
of the tip through the film is fast. The time required for th
jump is only limited by the resonance frequency of the c
tilever ~typically 5–50 kHz!. The hydrodynamic flow of the
film material or surrounding liquid out of the closing ga
between the tip and solid support is not limiting the brea
through. Thus, we assume that the rupture process itse
infinitely fast.

Second, we assume that the rupture is a statistical pro
and we have to describe the process in terms of probab

FIG. 1. A typical approach part of a force curve measured o
lipid bilayer of dioleoyloxypropyl-trimethylammonium chlorid
~DOTAP! on mica with a standard silicon nitride tip in aqueo
buffer ~150 mM NaCl, 5 mM KH2PO4 , pH 7.4! taken at 2mm/s
loading rate. The lipid bilayer was formed by spontaneous ves
fusion. For details see Ref.@21#. The inserted histogram shows th
number of yield forces observed in a series of experiments.
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The tip on top of the thin film has a certain probability
break through the film. This probability per unit time in
creases with increasing force and applied pressure. T
there is a distribution of yield forces and not one defin
value.

Third, we describe the rupture of the film and the yield
an activated process. An energy barrier has to be overc
in the process~Fig. 2!. This is the activation energy for th
formation of a hole in the film, which is large enough
initiate tip penetration. In detail, this process can be divid
into several steps. Before the tip approaches the film both
well separated and no force is acting on the tip. The ene
of this initial state of the lipid film underneath the tip isUi .
We neglect short- and long-range forces and assume tha
tip at a distancez5h gets into contact with the surface of th
film. Here,z is the distance between tip and sample, andh is
the film thickness. At this point, the energy of the film is st
Ui . When the base of the cantilever moves further down,
cantilever is deflected and the tip exerts a force on the fi
At this point, we do not need to specify the nature, heig
and shape of the energy barrier. It is only important to n
that the applied force reduces the energy barrier. The
becomes unstable under the pressure and a rupture bec
more likely. After the tip has penetrated the film, it gets in
direct contact with the solid support. At this position,z50,
the energy of the lipid film isU f .

In our model we do not specify the distance depende
U(z) except thatU(z5h)5Ui andU(z50)5U f . Once the
tip got into contact with the film att50, the pressure on the
film increases and thusUi increases. An increase inUi re-
duces the activation energy, which increases the probab
of a film rupture. If the activation barrier is of the order o
kBT, the reaction quickly occurs once it has become therm
dynamically favorable (U f,Ui). Here,kB andT are Boltz-
mann’s constant and temperature.

a

le

FIG. 2. Schematic representation of the energy of the molec
film ~drawn as a lipid bilayer! underneath an AFM tip vs the dis
tance of the tip. In general, this profile changes with the app
force. With increasing force the pressure applied to the film
creases. During this pressure increase, the activation energy i
duced fromDU1 to DU2 although the tip is still positioned on top
of the film.
1-2
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B. Kinetics of rupture

In order to describe the rupture mathematically we c
sider an ensemble ofN0 identical AFM force experiments
Every AFM tip exerts a growing force on a film. After a tim
t has elapsed,N films remain intact~no rupture!. For U f
.Ui , the tip cannot jump through the film. We have to w
until the pressure has increased so that the final energy
comes lower than the initial energy (U f<Ui). The ‘‘start-
ing’’ time, that is, the time when the force applied by the
has increasedUi so that the conditionU f<Ui is fulfilled, is
denoted bytS . If at the first contact the conditionU f<Ui is
already fulfilled, we havetS50.

Within the time intervaldt the number of tips on top o
the film is reduced bydN since udNu tips penetrate through
the film. udNu is proportional to the number of intact layersN,
a rate constantk, and the time intervaldt: dN52kNdt. In
general,k is time dependent. Dividing byN0 , we change to
probabilities

dP52k~ t !P dt, ~1!

whereP5N/N0 is the probability of finding a tip on top o
the intact film. Fort<tS , we haveP51. Differential Eq.~1!
can be integrated,

ln P~ t !52E
tS

t

k~ t8!dt8 for t.tS . ~2!

Now we assume that the rate constantk is associated with an
activated process and follows an Arrhenius law. The pr
ability for film rupture by thermal fluctuations is proportion
to the Boltzmann factor

k~ t !5Ae2DU~ t !/kBT. ~3!

Here,DU is the activation energy necessary for the form
tion of a hole in the film that is large enough to initia
rupture and let the tip break through.A is the frequency at
which the tip ‘‘attempts’’ to penetrate the film.

Film rupture and breakthrough of the tip are usually re
resented in terms of force rather than in terms of time. N
glecting long- and short-range interactions, the force is z
until the tip comes into contact with the film. Then, since t
base of the cantilever is moved at a constant velocityn to-
wards the sample, the load increases according toF5Knt.
Here,K is the spring constant of the cantilever andF is the
force applied at a timet. Substitution leads to

ln P~F !52
A

Kn EFS

F

e2DU~F8!/kBT dF8 for F.FS . ~4!

FS5KntS is the ‘‘starting’’ force applied by the tip att
5tS .

C. Mean yield force and approaching velocity

In this subsection we discuss the question: Is it possibl
measure how the activation energyDU depends on the ap
plied loadF? To address this question we first introduce
mean yield forceF0 . All experiments showed that the rela
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tive width of the distribution of yield forces~see insert Fig.
1! is small: DF/F0!1 ~DF is the half width of the yield
force distribution!. In this case, the mean yield force is sim
lar to the force at which the probability is one half:P(F0)
50.5. With ln 0.5520.693, we can write

n5
A

0.693K E
FS

F0
e2DU~F !/kBT dF. ~5!

Since the integral increases monotonically withF0 , Eq. ~5!
directly shows thatn is a monotonically increasing functio
of F0 and vice versa: the mean yield force increases with
loading rate. The reason is intuitively understandable: T
loading rate determines how fast the force on the film
creases. If the force increases slowly, then in any inter
F...F1DF there are many chances for the film to ruptu
At a high loading rate, there is only a little time for film
rupture in a given force intervalF¯F1DF, and the film
has a higher chance to remain intact.

Differentiation and rearranging Eq.~5! leads to

DU~F0!52kBT lnS 0.693K

A

dn

dF0
D . ~6!

Equation~6! shows that from a measurement of the veloc
dependence of the mean yield forcen(F0), one can obtain
dn/dF0 and calculate how the activation energy depends
the force. Sincen and F0 are easy to measure, this is a
important equation. We would like to point out that Eq.~6!
does not refer to a specific model. In particular, we did n
assume anything about the nature of the activated proce

III. CONTINUUM NUCLEATION THEORY

In the following sections we present two specific mod
to describe the activation process. The first one is a c
tinuum nucleation model.

A. Description of the model

We consider a molecular thin, homogeneous film confin
between the solid substrate and the solid surface of the
The tip shape is taken to be parabolic at its end with a rad
of curvatureR. The film is supposed to be, laterally, in
liquid state, but vertically its structure is well defined. A
sume that due to thermal fluctuations a small circular hole
radiusr h is formed in the two-dimensional fluid layer unde
the tip. The energy of such a hole is

U52pr hG1pr h
2S S2

F

2pRD . ~7!

The first term, 2pr hG, represents the free energy associa
with the unsaturated bonds of the molecules at the periph
of the hole.G is the line tension. The second term,pr h

2S, is
the change in interfacial free energy. It is proportional to t
area of the hole. We call the parameterS ‘‘spreading pres-
sure’’ because it can be used to quantify the tendency of
film to spread into the gap between the tip and substrate.S is
1-3
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determined by several interfaces. Assuming that the exp
ment is done in liquid, we denote bygTF the energy of the
tip-film interface, bygTL the energy of the tip-liquid inter-
face, bygSF the energy of the substrate-film interface, and
gSL , the energy of the substrate-liquid interface. Upon h
formation, tip-film and substrate-film interfaces are replac
by the corresponding interfaces with the liquid and we ha
S5gTL1gSL2gTF2gSF. For an experiment in gaseous e
vironment, the index ‘‘L’’ has to be replaced by ‘‘G.’’ The
first two terms are often used to describe hole formation
lipid bilayer membranes in electroporation@30,31# in the os-
motically induced permeation of vesicles or ce
@27,29,35,36#, or, in general, in black films@37#.

Until now, our treatment is almost similar to the theory
Persson and Tosatti@38#. As a third term, Persson and To
satti inserted the elastic relaxation energy of the two so
surfaces upon hole formation. Instead, we consider the e
tic energy of the confined film. The reason for this is that
a typical AFM experiment the elastic constants of tip a
substrate are much higher than the elasticity of the fi
Therefore, upon compression more elastic energy is store
the film than in the confining solids.

To calculate the elastic energy of the film we use
elastic foundation model. In the elastic foundation or ‘‘ma
tress’’ theory, the film is modeled by many springs that
not interact, i.e., shear between adjacent springs is ign
~Fig. 3! @34#. The effective spring constant per unit area
E/h, with Youngs modulusE. One may argue that a mattre
model is not adequate to describe a fluid film because in
film the molecules might tilt or can move laterally. Expe
ments, however, clearly indicate that before rupture occ
the response of the film is elastic. We cannot discriminat
the molecules tilt or are really compressed. This, howeve
not relevant as long as the process is elastic. Also, a s
thinning of the film cannot be excluded~which in the model
corresponds to a reduction of springs per unit area!. Again,
this would only lead to a small correction, which we igno
in this study. For these reasons, Youngs modulus should
interpreted as an effective value.

In the elastic foundation model the indentationd at a
given radial positionr is given by

d5d02
r 2

2R
~8!

FIG. 3. Schematic drawing of a film resting on a rigid so
support which is compressed by a rigid tip.
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for r<a5A2d0R. Here, a is the peripheral radius of the
contact area. The maximal indentation in the centerd0 and
the applied forceF are related by

d05A hF

pER
. ~9!

We can calculate the elastic energy stored in a small sec
of the film of radius r h . If the considered area is muc
smaller than the contact area (r h!a), this elastic energy is

pr h
2 E

h

d0
2

2
5pr h

2 F

2pR
. ~10!

Upon formation of a hole of radiusr h , this energy is re-
leased, hence the minus sign in Eq.~7!.

It is reasonable to assume that the line tensionG and the
spreading pressureS are positive. IfG was negative, large
holes should form spontaneously. For negativeS, the film
would probably not adsorb to the substrate. Applying a fo
reduces the energyU. Once the force exceeds 2pRS, the
energyU(r h) shows a maximum at a certain critical radiu
r C ~Fig. 4!,

r C5
2pRG

F22pRS
. ~11!

The maximal energy, which is the activation energy, is giv
by

DU5U~r C!5
2p2G2R

F22pRS
. ~12!

This maximal energy decreases with increasing force. Ho
with larger radius thanr C are likely to have an increase i
size, a film rupture, and a tip breakthrough.

B. Results and discussion

With respect to a comparison with experimental resu
the distribution of yield forces is determined. Therefore,
start by calculatingP(F) with Eq. ~4!, FS52pRS, and by
inserting expression~12! for DU,

FIG. 4. Energy of a holeDU of radiusr h calculated with Eq.~7!
with G510211 N, S50.01 N/m, andR540 nm.
1-4
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ln P~F !52
A

Kn EFS

F

expS 2
2p2G2R

F82FS
DdF8. ~13!

The distribution of yield forces is given byudP/dFu. The
integral does not lead to a simple analytical expression
we solved it numerically.

What are reasonable values for the parameters to be
serted? The ‘‘macroscopic’’ parameters determined by
experimental setup areK, n, and R. Spring constants are
typically in the range of 0.5–0.05 N/m; we use an avera
value ofK50.1 N/m. Loading rates are limited by a possib
drift @39# ~lower limit! and by hydrodynamic effects of th
cantilever@40# ~upper limit!. Practically, a range betweenn
510 nm/s and 100mm/s is accessible. The radius of curv
ture of the tip is typically 10–80 nm depending on the fa
rication process. We use a value ofR540 nm. Reasonable
microscopic parameters~G, S, and A! are more difficult to
estimate. Line tensions for solid-liquid-vapor systems w
calculated and experimentally verified to be in the range
10212 and 10210 N @41,42#. Values between 10211 and
10210 N are obtained when estimatingG from the product of
the film-liquid ~or film-gas! interfacial energy and the thick
ness of the film. Here, we use a value ofG510211 N. Inter-
facial energies (gTL ,gTF ,gSL ,gSF) are typically in the range
of 0.01 to 0.1 N/m. SinceS is the difference between tw
pairs we estimate it to be of the order of 0.01 N/m. T
frequency factorA is a free parameter. An upper limit i
probably given by the resonance frequency of the cantile
of typically 104 Hz. The frequency factorA cannot be sig-
nificantly higher than the resonance frequency because
if holes form with a higher frequency, the tip would not b
able to use them for a breakthrough.

For an easier comparison with experimental results, F
5~a! shows the yield probabilityudP/dFu instead ofP(F).
As parameters we choseA510 kHz andn51 mm/s. The
rupture probabilities are of the same order as those obse
experimentally and the same typical narrow peak is obtain
With increasing spreading pressureS, the yield force in-
creases linearly while the shape of the probability distrib
tion remains the same. When varying the frequency factoA
and keepingS50.01 N/m fixed@Fig. 5~b!#, the shape of the
probability distribution changes: With decreasingA the width
of the peak increases. In addition, the mean yield force
reduced with increasingA @inset of Fig. 5~b!#.

One could use the width of the peak inudP/dFu as a
quantity to test the theory. Experimentally this is, howev
not so simple because different sources of error in the exp
ment might lead to an increase of the width. Unless nois
negligible in the experiment the only condition is that t
width of the theoretical peak should be smaller than or eq
to the experimental peak. Thus, the width of the peak
practically often not a useful criterion to verify a theory.
more useful test is a comparison of the graphF0 vs n. Using
Eq. ~5! we can calculate how the mean yield forceF0 de-
pends on the loading raten @Fig. 5~c!#. The results show a
monotonic increase. For low loading rates,F0 is almost con-
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stant, for high loading rateF0 increases. With increasing
spreading pressure the curves are shifted to higher m
yield forces.

IV. MOLECULAR MODEL

A. Description of the model

The approach is related to the model developed by G
et al. @43#, which refers to an earlier idea of Cohen and Tur
ball @44#. In the molecular model each molecule in the fil
has certain binding sites that are energetically favorable
sitions. These binding sites might be formed by the subst
or by the surrounding molecules. To jump from the initi
position into an adjacent free position a potential energy b
rier has to be overcome~Fig. 6!. In the absence of the tip
adjacent binding sites are energetically equivalent. When
tip is pressed onto the film a pressure gradient is appl
which increases the energy of the molecules. The pressu

FIG. 5. ~a! Probability of a ruptureudP/dFu as derived with the
nucleation model Eq.~13! using A5104 Hz, K50.1 N/m, n
51 mm/s, G510211 N, andR540 nm for different values of the
spreading pressureS. ~b! Probability of rupture for different values
of the frequency factorA with S50.01 N/m. The inset shows how
the mean yield forceF0 decreases with increasing frequency fac
A. ~c! Dependence of the mean yield forceF0 on the loading raten
for A5104 Hz and different values forS.
1-5
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maximal in the center of the tip and it decreases with incre
ing radial distancer until it becomes zero at the conta
periphery atr 5a. At the same time, this pressure gradie
lowers the activation barrier. This idea—a lowering of t
activation energy by changing the energy level of the ini
or final state—is already applied to analyze such divers p
nomena like an electric current in a Josephson tunnel ju
tion @45# or ion currents through biological membranes@46#.

What is the ‘‘compression’’ energy of a molecule? T
surface area occupied by one molecule in the film is'l2

with l as the lateral distance between adjacent molecule
the elastic foundation model each segment of the film of a
l2 acts like a spring with a spring constantl2E/h. If this
segment is compressed by an indentationd the elastic energy
increases tol2Ed2/2h. Thus, the additional energy of a mo
ecule due to the pressure of the tip is

u5
El2

2h S d02
r 2

2RD 2

. ~14!

Molecules are most likely to jump~and form a hole! where
the difference in energy between adjacent binding site
maximal. In that case the energy release is the highest.
is at the maximum of the energy gradientdu/dr at r
5A2d0R/3. Differentiating Eq.~14! and inserting Eq.~9! we
get a maximal energy gradient for a molecule to be

du

drU
max

5
l2

R S 2

3D 3/2S EF3

p3hRD 1/4

. ~15!

To obtain the effective activation energy we take the ene
gain of a molecule jumping fromr 5A2d0R/3 to an adjacent
site atr 5A2d0R/31l asDu5ldu/drumax.

In general, for the formation of a hole large enough
initiate tip breakthrough, a certain critical number of mo
eculesn is required. Once these molecules have left the c
tact area the force applied by the tip is distributed amo
fewer molecules. This increases the pressure gradient
thus the chance of the remaining molecules to jump to lar
r and also escape from under the tip. The ‘‘activation v
ume’’ of thesen molecules isV5nl2h, assuming the film is
a monolayer~for a double layer it isV52nl2h, for three

FIG. 6. Schematic representation of the energy vs radial dista
of a molecule in the film with~continuous line! and without~dashed
line! a pressure gradient due to the tip pressure. Such an en
profile was used for the molecular model.
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layers it is V53nl2h, etc.!. Taking this into account, the
initial activation energy~without an applied force! DU0 is
reduced by the force according to

DU5DU02a
Vl

hR S 2

3D 3/2S EF3

p3hRD 1/4

. ~16!

The factora is a geometrical factor. It takes into account th
the reduction of the activation energy might be lower th
the change in energy between adjacent sites. For a symm
cal barrier it should bea50.5, provided that the contac
radius is much larger than the distance between adja
binding sites ~practically for R@l!. Inserting expression
~16! into Eq. ~4! leads to

ln P~F !52
k0

Kn E0

F

expF S F8

FM
D 3/4GdF8 , ~17!

with a ratek0[A exp(2DU0 /kBT) and

FM[
9p

4 S kBThR

aVl D 4/3S hR

E D 1/3

. ~18!

The lower integration limit was set to zero (FS50) because
the energies of adjacent binding sites are equivalent be
the tip exerts a force. Integration of Eq.~17! does not lead to
a simple algebraic expression and was done numerically

B. Results and discussion

What is a reasonable range for the parameterFM? Effec-
tive Youngs moduli for lipid layers range from 2 MPa–1
GPa as determined from electroporation experiments@31#
and by acoustic Brillouin scattering of Langmuir-Blodge
multilayers@47#, respectively. For individual layers of alco
hols, effective Youngs moduli are between 107– 108 Pa@48#.
An upper limit ofFM can be estimated by assuming that t
activation volume is only a single molecule of volumeV
5hl2. Then, with h54 nm, l50.5 nm ~resulting in V
51 nm3!, a50.5, andE52 MPa, the upper limit isFM
'1.1mN. For the lower limit we insert a hundred time
larger volume,h51 nm, andE510 GPa and obtainFM
'50 pN.

A series of results for the yield probabilityudP/dFu is
shown in Fig. 7~a!. The parameters werek050.1 Hz andn
51 mm/s. In agreement with typical experimental resu
~see Fig. 1!, the model predicts a distribution of yield force
centered in a peak. IncreasingFM leads to an increase in th
yield force. Changing the ratek0 also changes the probabilit
of a yield: An increase ink0 decreases the mean yield forc
a decrease leads to a higher yield force@Fig. 7~b!#.

The second criterion to verify a model is the depende
of the yield force on the loading rate. Inserting Eq.~16! into
Eq. ~5!, we get

n5
k0

0.693K E
0

F0
expF S F

FT
D 3/4GdF. ~19!

The result is plotted as a graph ofF0 vs n in Fig. 7~c!. F0 is
roughly proportional to lnn, which agrees with experimenta

ce

rgy
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results on lipid bilayers@21#. IncreasingFM leads to a
steeper increase of theF0 vs n curve. Decreasingk0 shifts
the curve to higher forces almost parallel to the origin
curve.

V. SIMPLIFIED MOLECULAR MODEL

A. Description of the model

The advantage of the molecular model is that it seem
describe the experimental results obtained on films
equately and that it relates microscopic parameters to m
surable quantities. The disadvantage is that the results
mathematically awkward because of the integ
*exp(x3/4)dx. It would help to have a simple approximatio
that still contains the main features and dependencies
leads to analytical solutions. Therefore, we consider the e
tic energy of a molecule in the center of the contact ar
which is compressed byd0 . This energy isu05El2d0

2/2h. It

FIG. 7. ~a! Probability of a ruptureudP/dFu as derived with the
molecular model Eq.~17! using k050.1 Hz, n51 mm/s, K
50.1 N/m,R540 nm for different values ofFM . ~b! Probability of
rupture for different values of the ratek0 keeping FM50.2 nN
fixed. The inset shows how the mean yield forceF0 depends on the
ratek0 for n51 mm/s. ~c! Dependence of the mean yield force o
the loading rate calculated with Eq.~19! for different combinations
of k0 andFM .
03160
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is released when the molecule leaves the gap between tip
sample. Introducing the activation volume as before and
ing Eq. ~9!, we obtain the activation energy

DU5DU02
aVF

2phR
. ~20!

Inserting this into Eq.~4! and integration leads to

ln P52
k0FT

Kn
~eF/FT21!, ~21!

with k0[A exp(2DU0 /kBT) and

FT[
2phRkBT

aV
. ~22!

Please note thatFT does not depend on Youngs modulusE.

FIG. 8. ~a! Probability of a ruptureudP/dFu as derived with the
simple molecular model Eq.~21! using k050.1 Hz, K50.1 N/m,
n51 mm/s, andR540 nm for different values of the thermal forc
FT . ~b! Probability of a rupture for different values of the ratek0 at
fixed FT50.5 nN. All other parameters were as before. The in
shows how the mean yield forceF0 depends on the ratek0 for n
51 mm/s. ~c! Dependence of the mean yield force of the loadi
rate calculated with Eq.~23! for three different combinations ofk0

andFT .
1-7
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B. Results and discussion

As a result, the yield probabilities vs force for differe
values of the ratek0 are shown in Figs. 8~a! and 8~b!. The
same dependencies as calculated with the full molec
model are obtained: The mean yield force increases w
increasingFT and decreasingk0 @inset of Fig. 8~b!#. When
choosingFT'1.1FM , the curves would be almost identica

The dependence of the mean yield force on the load
rate can be calculated with Eq.~5!,

F05FT lnS 0.693nK

k0FT
11D . ~23!

The mean yield force is proportional to lnn.
What is the significance ofFT and what is a reasonabl

range? Therefore, we consider an activation volume un
the tip ofV5nl2h. The energy required to compressn mol-
ecules by a distanced0 is nEl2d0

2/2h. If we set this energy
equal to the thermal energykBT, we obtain

kBT5
nEl2d0

2

2h
. ~24!

According to Eq.~9! a forceF5pERd0
2/h would lead to the

same compression. Insertingd0
2 of Eq. ~24! leads to F

52phRkBT/V, which is equal toFT for a51. A thermal
energy would lead to the same compression of the activa
volume than the forceFT . For this reason we used the inde
‘‘ T’’ for ‘‘thermal force.’’ With h54 nm, a50.5, andV
51 nm3, an upper limit of the thermal force is 8 nN. Th
lower limit is estimated withh51 nm andV5100 nm3 to be
FT'20 pN.
.
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Results obtained with the simplified molecular model a
formally similar to results reported earlier with a flat stam
model@21#. In the flat stamp model the tip shape is appro
mated by a planar surface of areaAFS. This leads to a con-
stant pressurep5F/AFS. Using this model, a probability
distribution equal to the one given in Eq.~21! is obtained.
Only the thermal force isFT5AFSkBT/aV in the flat stamp
model instead of Eq.~22!. If both models are applied to th
same experimental results, slightly different values ofaV are
obtained.

VI. CONCLUSION

Assuming that the rupture of molecular films induced
an AFM tip is an activated process, we find a universal re
tion ~6! between the loading rate and the force dependenc
the activation energy. To calculate the activation energy
suggest two complementary models: A continuum nuclea
theory and a discrete molecular model. In the continu
theory the line tensionG and the spreading pressureS deter-
mine the activation energy. In the molecular theory, the a
vation volumeV is the relevant microscopic parameter. T
full molecular model leads to complicated mathematical
pressions. Therefore, a simplified molecular model is p
posed. We demonstrate that the simplified model is a g
approximation of the full molecular model.
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